Relativistic charged particle orbits on a rotating sphere threaded by an intense magnetic dipole field are examined. Generalizing the results of the first paper (I), the dipole and rotational axes have arbitrary relative tilt. For ultra-intense magnetic fields characteristic of compact astrophysical bodies, the classical and semiclassical results are not greatly changed for moderate rotation rates.
I. INTRODUCTION
In a previous paper (I), we examined classical and semiclassical relativistic orbits of a charged particle of mass m and charge q on the surface of a rotating sphere threaded by an intense magnetic dipole field [1] . In that treatment, the dipole and rotation axes were taken as parallel for simplicity. The present note lifts that physically unrealistic assumption and treats the case of arbitrary relative tilt of the two axes.
The distinctive physical regimes are characterised by comparison of three dimensionless parameters: β 0 = |q|B 0 R/(2mc 2 ) is the magnetic field strength B 0 in rescaled units at the magnetic poles; ǫ = E/(mc 2 ) is the energy E in units of the rest mass; and l φ = 2cP φ /(qB 0 R 2 )
is the canonical azimuthal angular momentum P φ in rescaled units about the rotation axis.
For convenience, we also define l θ = 2cP θ /(qB 0 R 2 ), where P θ is the polar angular momentum.
For electrons on a typical neutron star, but by η ≡ ǫ/β 0 . The regime of η > ∼ 1 is the ultrahigh energy regime, for E ≃ 10 21 eV or higher. The magnetic field β 0 also sets the scale for P φ : when |l φ | ∼ 1, the ultrahigh P φ regime, the effect of P φ can overcome the binding effect of the field. Note that P φ is the canonical, not the kinetic, azimuthal angular momentum. When both η and l φ are small, the charged particle has no allowed region on the spherical surface except very close to the rotational and magnetic poles. A large l φ allows narrow regions away from the poles, but only η > ∼ 1 allows charged particle motion over a substantial portion of the sphere.
We continue to use the metric signature (+ − −−) with x µ = (x, ct), retaining c and h explicitly. Equations from the paper I are referred to by equation number as (I.x) for equation (x). The rotational angular velocity is rescaled to ω = ΩR/c, which is < ∼ 0.1 in realistic cases [2] . We take ω = 0.1 throughout as illustrative.
II. MAGNETIC FIELD, CO-ORDINATES, AND METRIC
We choose our axes so that the magnetic dipole is along the θ = 0 direction. The threading dipole magnetic field has polar strength B 0 :
where A φ is defined in the rotating spherical co-ordinates.
The rotation axis is tilted at an angle θ 0 with respect to the magnetic dipole in the φ = 0, π plane ( Figure 1 ). (This apparently strange choice of co-ordinates is motivated by the the fact that the magnetic still dominate the rotational effects.) The metric in a spherical polar co-ordinate system (r, θ, φ) rotating with the sphere is given by the line element
The vector ω is defined from the rotational angular velocity vector Ω by ω = Ω × r/c. Its components are
These are the appropriate generalisations of refs. [1, 3] to the case θ 0 = 0.
The Lagrangian of paper I is expressed in terms of the proper time τ, withẋ µ ≡ dx µ /dτ.
The equations (I.7) are three equations, one for each momentum component, suppressing radial motion. Since the Lagrangian does not explicitly depend on t, we have
which implies
we have also
The equations of motion for φ and θ are non-trivial:
and
The constraint (I.6) is
but now includes a g 0θ term in addition to the g 0φ term. The contravariant metric components are
where r = R for our case. Along the actual worldpath in spacetime, the constraint g µνẋ µẋν = c 2 obtains; this condition is valid after varying the action and simplifies the equations of motion.
III. APPROXIMATE ORBITS
A. Adiabatic Quasi-invariance
As in paper I, the energy E = P 0 is exactly conserved, but P φ or l φ no longer is, unless sin θ 0 or ω is zero. P θ or l θ was never conserved, but in paper I, its motion was exactly separable with l φ conserved. That separability is also lost if ω sin θ 0 = 0.
When θ 0 = 0, the non-conservation of l φ is apparent from the equation of motion (10):
using the new metric for θ 0 = 0. We see that the non-conservation of l φ is also O(1/β 0 ), as well as requiring ω sin θ 0 = 0. So in the limit of ultra-intense magnetic field β 0 , the motion is not qualitatively different from the zero-tilt case. The orbits are more involved and possibly chaotic, but so focussed by the intense field that to zeroth order in (1/β 0 ), the results of paper I with θ 0 = 0 are still qualitatively valid (Figure 4 ).
The approximate conservation of l φ serves as the basis for a classical perturbative treatment of the particle orbits. In paper I, where l φ was exactly conserved, the action variable
was an adiabatic invariant [3, 4] . It was this fact that allowed semiclassical quantisation of P φ as a trivial step and the exactly separable treatment of P θ as well.
B. Classical Motion
We thus expect any effects of the non-zero tilt to be suppressed by powers of ω. Since ω < ∼ 0.1, a combined perturbative treatment in powers of ω and 1/β 0 is valid.
Since the φ motion to zeroth order in 1/β 0 is periodic, global expressions involving the φ co-ordinate (such as the energy, but not the orbit φ(τ ), θ(τ )) can be averaged over the full circle φ ∈ [0, 2π] and l φ treated as constant, in order to determine the first-order corrections [4] . The O(1/β 0 ) correction to dl φ /dτ = 0 is obtained from averaging (14) over φ :
where all the terms are ∝ cos φ, sin φ, or cos φ sin φ and average to zero. Consequently, the non-conservation of l φ , on average, actually starts at O(1/β 2 0 ). We consider the same set of limiting cases as in paper I. In the limit of ultrahigh energy, i.e, β 0 ≫ l φ , the constraint (8) with equations (9) and (10) becomes:
retaining all powers of η. Figures 2 and 3 show the allowed regions for several combinations of energy and tilt angle, where the allowed regions are defined by the requirement that l θ in (13) be real. Note that the allowed regions of Figures 2 and 3 are no longer functions of θ alone, unlike the case of paper I, equations (I.24-25). The axial symmetry about the dipole is lost, but for moderate values of ω, the asymmetry is not extreme. For large tilts (θ 0 → π), the energy η must be somewhat higher than in the zero-tilt case to make the entire sphere allowed. If φ averaging is applied to the constraint (17), the axial symmetry about the dipole is restored.
The limit where l φ cannot be neglected, but η ≪ l φ , is the ultrahigh P φ case; l θ is then zero except within the narrow allowed regions. If the tilt is zero (I.26-29), the particle orbits are almost infinitely narrow circles at constant θ. The θ motion is O(1/β 0 ) relative to the φ motion. With non-zero tilt and l φ approximately conserved, the quasi-circular orbits occur at the same angle as in paper I, sin θ = l φ , for l φ ≥ 0, with O(1/β 0 ) and O(ω sin θ 0 /β 0 ) corrections.
The same argument holds for the small angle case, which is related to the ultrahigh P φ limit in the limit l φ → 0, with η still negligible. The approximate conservation of l φ still goes through in the limit of large β 0 , with additional corrections of relative order ω sin θ 0 .
The magnetic flux enclosed by an orbit is, to leading order in 1/β 0 , just the same as in paper I, equations (I.32,36-37). The averaged rotational corrections are of order O(ω 2 ).
C. Semiclassical Quantization
In the present case, the quantisation of l φ in the Wilson-Sommerfeld conditions (I.33-34)
is only approximate, but valid through O(1/β 0 ).
The ultrahigh energy case is not qualitatively different if the tilt is non-zero. As we see from the classical motion, some regions of the sphere are forbidden for large tilt and moderate η. The quantum energy levels are still approximately the harmonic oscillator levels (I.39), depending only weakly on the field.
The ultrahigh P φ case results in the energy levels:
to leading order in β 0 and ω, with non-zero tilt. Note that the rotational corrections enter at O(ω 2 ). The corrections multiplying β 0 can either raise or lower the energy, but the last correction (the centrifugal effect) always lowers the energy.
The localised pole states are also corrected by rotational effects. Their levels are: 
